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Study Relating to Solid Vibrations in One-Stery Buildings of
Special Shapes =7

(L -Shaped and 2 ~Shaped)

Dr MUTO Kiyoshi
ASAGA Hirozumi

CPYRGHT - | ‘Suimnary éf Conténts;

.This thesis deals with solid vibrations in L shaped and I
shaped buildings of one story. These types of structures, even
when the mass is evenly distributed are easily subjected to stress—
es and will consequently vibrate. We shall indicate the factors
governing this solid vibration and, taking L and 1 shapes with
arms of various lengths, we will study their individual solid
vibrations. o :

-

Table of Contents

1. Foreword

2. Solid Vibration in an L ~shaped Frame
3. Examples of Solid Vibration in L -shaped Frame

-

L. Solid Vibration in a 7 -shaped Frame

5. Examples of Solid Vibration in a 3 -shaped Frame

6. Conclusions - : . .
1. Fofeword

Buildings constructed on a square plan have uniform longi-
tudinal and lateral rigidity., The central point C of rigidity is
at the geometrical center. Vhen the mass is evenly distributed
there is no solid vibration as the center of gravity S corres-
ponds with the center of rigidity C. However, in plane figures
having unequal longitudinal and latitudinal axes, but having {
uniform rigidity and even distribution of mass, the center of
rigidity and the center of gravity do not correspond and a purely
lateral vibration or a torsional vibration does not occur, In
general; however, it may reasonably be presumed that solid vibra-
tion depends as a rule on the distribution of mass.

Bearing these facts in mind, therefore, we shall take these
special L -shaped and 3 -shaped Figures and study the nature of
their solid vibrations, namely of one story L - and 3 -shaped
Frame structures with egqual distribution of framework and uni-
form rigidity of lateral and longitudinal framework.

- . -2 =
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f_Sx_rmbols."
‘The.agreed”Symbdls are ébwfoilbwsﬁ::x;
. E
Displacement; . x, Y:'ﬁ =i
* The dlsplacement of the
center of grav1ty S is x'and y.
- m:stands’Tor the angle of: ro-
tation of the circumference.
The: direction” as shown in Fig-.
ure 1 is taken as positive, .

.y P

A% A

Tigure 1. Symbols

Mass: M.
Polar ioment of Inertia: J = M-i

Radius of Rotation: i

. | The: radius of rotation of
the circumference of centex of*
gravity S is-i.

Characteristic Coefficients: C. (Restorlng Force Ulreotlon)
- (Displacement Dlrectlon)

It is the restbring force
of gravity ner unit displace-
ment in a certaln direction.

The lower row indicates the dis-
placement direction anc the
“upper row ‘indicates the
restoring force.‘ :

Equations of Vibration

In this study, in dealing w1th rigidity in Longitudinal and
Lateral directions and taking them as equal, as already dcscrlbed
Lhe prlnclpal axis may be any .axis passi ;1through the. central
muﬂofrmthuAﬂwmiwe mmmmnn‘%cyamstorm1m

bn eccentric direction. The“wibrativh 6A the y -axis direction
bill be free vioration. The, JOlnt vibration in-the directions

bf the x and z- axés will be the 50— callod .s0lid ‘vibration. " Their
ribration fornulae are as followsi— :

c(x) . Xt C(x).z —-Mx ¥ ,

0D s 6@ ca |

- 3 - -
RESTRICTED
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Thus, c\X) ;1 The gravitational restoring force in the x - axis
X direction per free unit displacement in the x -
axis direction,

(@) = ¢,
x Z

The gravitational.restoring force in the z-
axis or x-axis direction per free unit dis-
-placement in the x-axis or z-axis directicn.

C(Z) : The restoring force in the x—ax1s direction per
2 - frec unit displacement (i.e. Q = ) in the
Z=axis dlrectwn.
This‘ré'sol‘ve‘s :Lnto Hx = u-q
X = Weq
Where u,w: characteristic function

q : time function

And = n2q
= A cos nt- = B sin nt

circular freguency (angular velocity)

- B Q.0

"The characteristic'function equation may be cxpressed as
@)= 1m2) « u-c® wzo
x o Z'.' '

R ()

c(@). e (C(Z)— an) w=0
x_ i Z

The 01rcular frequency n may be determined from the follow-
1ng root equation, which is the dgtermlnant of the coefficients
of the above equation sct equal to zero.

(C(X) - Mn2) C(X)
X Z

=0 _ (3)
@ (C(z) cuR) | e
x oz o

12, Solld Vlblatlon in an 1.—Snaped Frame Ccntors'
. Qf ngldlty and Grav1ty

As shown in Flgure 2 the w1dth of the I.rsnaped structure is
“The number of ‘supports is as follow

X ey ) .
T*\ bt # Across the width -.3 (three)

] S
<2, R K]y - : . . ’

b”fzfﬁi/{égimfr Longitudinally - n
v N & e _

‘ EA 311 -
gvarepmmn Laterally m

Figure 2. Symbols for
Structure of L ~Shapecd Frame

-
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Using the symbols défined in the figure, the position of
the center C of rigidity may be expressed as follows:-

(@-3)(m-2) -2n.,

Om = 'A(mﬁ--n—B)
_ s (4)
Cn = (n - 3)(n - 2) = . a
h(m+‘n—l+) _
And the positioﬁ‘of the cehﬁer'of'graﬁitfrs is shovn as
follows:~-
5 = m=3P-2m-1) ,
m Lim + n = 4)
o DA ' =(5)
S, = (n—3)2—2(m~l).a

4lm +n - 4)-

Hence, taking the longitudinal rigidity and lateral rigid-
ity as equal, and with this-:limitation, this becomes

o Sm=Cn ey miz3(men)+9
Cm - Sm = Cn Sn h(m = 3)(m g h) a

As shown in this formula, the liné joining the center of
gravity with the center:of rigidity, ls<e., in an.eccentric’
N direction, must form an angle of 45° with the rows of supports,
regardless of the values of m and n.

Characteklstlcs CoefflClents -

If rigidity is ekpressed as G (restoring force of the center
of gravity in the x-axis direction per unit displacement in the
direction of the x-axis, that-is, rigidity in the xrdlrecblon)
then by definition .

0®) 2g s e (6)

X

. and hence - G = B(m +n- B)g o
g belng the rlgldlty of one support

Furthermore, fromAthe turning moment of the restorlng
‘force center of gravity in the x-axis direction is derived:

C(_;):C.(;C):——"—'Ge". mmmimmmen (7)

But et =%

then, if one assumes an angle of rotation such that z = ?

-5
RESTRICTED
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on the rotation of the center of gravity, the center of. rléldlty
suffers the follow1ng resultant d;splacements.

X = ee', in the direction of the x-axis
z = 1, in the.direction of the z-axis

We seek Sepgfagelyvthe moments given to S by the two com~
ponents so that C\%/ is obtained as follows:-

<@ zc.q , - (@)

Where c = e +ln — 3) 14 f,& n'r 2 4 }'n 42} + er?

and.Where < & mmR = (n =~ 3)( HS- 2)(2n - 5) a2
v .

+ §% a? - 3(é.+ n'- 5)0%

g -2 2

o+ %? a2 - 3(m.+ n - 3)Cm

But m' also stands fox m or 3, and n' for n or 3.

Characterlstlc Clrcular Frequency and Vlbratlon Curve '
The characterlstlc coef”l@lents hav1n5 beea eutabllsheu as
shown above, we now take equation (2) and rewrite it as follows:

~ < \571' ’
— ~
x - . A
N ’ AL |
N & 1) SR — (9)
e . F e 2
> >.& ~etus e«-fﬂ. Ly = Q)
, . = — 1 no j
/ /‘/ ) —
,7[’\‘?;’ AN tl where ng = & , that is,
/\ - \\ \/ M
Y ; =<7 N ne stands for the circular
. _ . frequency when there is free
Figure 3. Displacement of the o vibration in the direction
central point of rigidity accom~ - of the x-axis.

panying the rotation of the cir-
cumference of the center of
gravity.

By setting the determinant of this equation equal to zero,
the circular frequency may be expressed as follows:—

‘- -
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‘n~ {(c +1) '«T; -1)% 4 he'z\}n% Ti‘f"“ (10)

: Accordlnvly, taking u = 1 in equation (9); the character-
istic functlon, the. following equation is obtalned -

a2
(l—'ﬁ:
w = éf——EF’QL“ --------------- 1)
Thué u=1 -

‘VibrationvCharacteristics

1. As is evident in equation (10), since n ‘contains - and - it
has two values. Ve shall distinguish between these two by writ-
ing them ng and nz dependlng on whether the vibration is lateral
or rotary. :

» "Thus, from the vibration equation (10), and multiplying Ny
and ny, its properties are seen to be as follows:~

nx nz —’\fC - 812.n2 o e R

«) 3(m -o- 3)12 :‘va@?fz n'éz}'no

" Z an expresclon 1ndeoendent of e'.(———— (l2)HA

2,  In equation (9) u is set equal to 1 and (n/no)2 is cancelled
out therefore a quadratic eouatlon in w may be expresQPd thus. -

w4+ S=Ly-1:z0
. et N ‘
From this, twd roots for w are obtainéd. o

The following relation holds between them, as with wy and w, from
(11) in it's wnaltered form:- '

Weewg 1 - -------- (13)

3, Furthermore, Yateral vibration and rotational vibration have
as center of rotation: Dx, Dz. :

-7 -
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-~ .. . Hence, as shown
. in Figure 4, their
. v o distances from the
center of gravity
are Px and Pz res-

pectively:
Px= i , Pz = i
Wy Wz

From this, and applying equa-
tion (13), we get the relation:

- Px e PpmoiRf - - (W)

The ‘above three properties of

vibration always exist in one-

story frame structures and

should all be taken into con-
" sideration. :

Figure 4. Distance of .
Centers of Rotation

3. An Example of Solid Vibration in an L Shaped Frame

We shall now take five different types of L shaped frame
structures, desigpated.A, B, C,' D and E, with a number of lateral
and longitudinal supports, and shall study their bodily. vibra-
tion. In these types of structures the number of supports is as
shown in Table 1, This table also gives the area and the ratio
A between the longitudinal length and the lateral length of
each structure, '

Table 1.

Type m n A Area
A T 7 1 5 a2
B 9 9 1 7 al
c 7 1 0.6 .| .7 a2
D 9 15 0.6 | 10 a2
E 7 13 0.5 | 8.82

In the following table values are given respectively for:

1, the radius of rotation of the center of gravity S; e, the eccen-
tric distance obtained by calculations based on equations (4) and
(5); e' = & ; and lastly for the coefficient c as shown in equa-
tion (8), Namely the ratio between rotational rizidity and lateral
rigidity.

-8 -
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Table 2, . Characteristic Coefficients for Various
Types of L-Shapeq Structures
;TType msn i e | et c
A 7:7 | 1.203 20,051 a | 0.042 | 1.2848
B 9:9 1.642 a | 0.061 a 0.037 | 1.1932
C 7:11 | 1.715 a | 0,054 a | 0,031 | 1.1789
D 9:15 | 2.428 a | 0.068 a 0,028 1.1166
E 7:13 -{ 2.003 a | 0.052 a 0.026 1.1453

e .
Hav:.nO ustabllshcd theso valucs, we can new obtaln 61rcular

the center of rotatlon, as given in the Lollow1ng table

g,Table 34 Naturc of the. Vibration of Various Typos N
: Types-of L—Shapod otructurcs Dot e T

Type | min | ng/ng | ng/no 'wX vy .'-:Px/a-' Py/a

7 | 0.9970 1.1361 0.1444, | =6.9242 | 8,3299 | -0.1737
:9 1 0.9966 | 1.0955 | 0.1850 | -5.4062 | 8,8770 | -0,3037
11 0.9974 | 1.0882 | 0,1684 | =5.9379 | 10,1835 | -0.2888 .
51 049968 | 1.0597 | 04,2276 | =4.3936| 10,6674 | -0,5526
:13 | 0.9977 | 1.0723 | 0.1735 | -5.7623 | 11.5420 -0.3476 .

HOOQWE
~IN\0 30~

The deductions from these results arc as folldws:
The changes in vibration and characteristic functions created by
the shape of the flgure are almost negligible. :

When therc is lateral vibration, the distance of v1bratlon
from the center of rotation varies in direct ratio to the length
of the arms of the figure. That is to say, when the armg of-the
figure arc shert .the degree of -eccentricity e! is- diminished, so- -
that the distance from thereenter of rotafiion tends to beo greater,
(Rotation during lateral vibration is slight.) N

Each type of vibration is shown in diagram form in Figurcs
5 to 9. In thosc figurcs the heavy lincs show the structures in
position of rest or equilibrium; the fine lines reprcscnt latcral
vibration and the dotted lincs circular vibration,.

-9 -
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! Figure 6. The form of vibration
Figure 5. The form of vibra- in Type B {(m:n = ‘9:9) _
tion in Type A (m:n'=.7:7) Py = 8:87708, Pz =70.3037 2
P, = 8.3299 a, Py = 0,1737 a . | /

1} . -
o ! R . e e e
4 Figur% 8. The form of Vibration
- in Type D (m:n = 9’:1.‘5)‘ .
Py = 10,6674 a, Py - .-0;'5'52‘6 a

Figure 7. The form of vibra-
- tion ih Type C (m:n = 7:11)
Py =70.,2888 a s

A J ',!l i Figure 9. The form of vibration
\\‘ ,H 7 . in Type E (m:n = 7:13)"
1% Py = 11,5420 a, Pz =-0,3476 a
S
rd !—-—1]:,
¥ ==
¥
T 210 -
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4. Solid Vibration in a7 —Shaped Frame

The Center:of Rigidity ahd Lhe;Gont65 UffGra%itX

*

e N
e e e = ?ﬂ Iyt ’(; IR
: §.lt

ACin .
T

i

1

X R A I ..;'L:

Jr%-—- wm ‘5up/on‘s s

Figure 10. Symbols for: -Shaped Structures

As shown in Figure 10, inIJ-shaped structures gt stands
for width, 3 is the number of supports across the width and n
and m are the number of supports longitudinally and laterally
respectively.. When the axes.are symmetiical the tenter C of

rigidity 1s located as follows:= L

o zm=3Nm-2)n, L. |

o 2(2m + n - 6). (15) _
and the‘position of the center of gravity'ﬁhen the axes are
symmetrical can be determined as follows:~

- (m~3 € n=-1
Sm .'.".: m2(2m)+ r(l —7)42 a

Characteristic Coefficicnts
The characteristic cocfficients ford —shaped-étructures
are the samc as those.for L-shaped structures and may be
expressed as follows:— N

o =g
‘ .C(Z) = E(X).:“;Gét
X Z

-
-

i [T

.

,."'i;ll‘- e
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- 1 , 2 2 12
T 6)&..@?77; tgoEE e

vV

-

£ [e-90- 6 (i ‘fkﬁ"'zﬁ{ (5-5)2—‘<n-3)2-(n-1)%]

Zay?2 =

Z i

7 nf? = gg{m +(m - 3){m - 2)(20-5) -3(2m + n - 6)c2
But m' stands for m or 3, éndtn' for n or 3.

Characteristic Valuos of V%bration and Vibration Curve

To fix characteristic coefficients, we take the same for—
mulas for characteristic vibration values, charactcristic func-
tion and distance from rotation center as for I-shaped structurcs,

e i e N
Thus:— n? ="% i‘c + 1) f1f(c'- 1)2 - 40’2}'n%\
1 -/n)2
Ca-fep
'el
i
p=2
W )

5. : Examples of Solid Vibratioh ih.a_j ~-Shapgd Frame .

-+ We will now investigate the vibration characteristics of four
types of 7] -shaped frame structures, designated Fs G, H and I,
having the number of supports, area and ratio of the lengths of
the sides as specified in the following table:

Table 4
Type | .m n e . Area.
. F o7 7 R RS IO AP
G 9 9 1 10 ag
H 7 9 0.75 8 a
I ST ] 05 | 1082

In.the fpllowing,tablcyyaluggvare;givon_rpspcctively for:
i, the radius. of rotation of .the .center of gravity S; e the.
peceentric distance calculated from ¢quations: (15) and (16); of
Lhe degree of eccentricity; and c, the ratio between rotational
Figidity and latcral rigidity, - o

Table 5, Characteristic Coefficient for cach Type
of J -=Shaped Structure

' Type | m:n i € el c
F 727 1,311 a | 0,076 a | 0.058 1.2226
G G:9 1.838 a | 0.093 a | 0.051 1.1310
H 7:9 | 1.612 a [ 0.074 a | 0,046 1.1635
I 7:13 1 2.249 a {0,067 a | 0.030 1.0993
- 12 -
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Having cstablished these valucs, wo can now obtain the valucs
of vibration, characteristit: functions, and distance from the
conter of rotation, as given in the following tqble.

Naturc of the Vibration Gf Varlous Typos

Table 6..
i YT of 4. ~Shapcd Structures o
B T . ) 1‘ VRS }
Type. m:n:‘nx/pa>w'nz/no -wxf owg Py/a .l Pgpfa
5 1747 1019929 | 1.1121 | 0.2449 | ~4.083L | 5.3530 | =0,3211
G 9:9 10,9512 | 1.0717 | 0.3435 -2.9113 |- 5.3508 | -0.6314
H 7:9 10,9940 | 1.0842 | 0.2620 -3.8162 | 6.1516 -0.4220
I 7:13 0,9958l 1.0524 1 0.2787 —3.5877 ’8.0687 -0.6269
TN By S R as—
_._/...é...__-_\,__, Vd ,Ir- :k( : /’1
,,, - ///-,‘(,)/L- -(, \/ . t
J( (t:_.—/——._:,——’—-» \ Dz _",,\ AY ,( N Dz
po— T D
’ VoLl 4 I & ‘el //\ N
Ver “7h N ] .
£ ‘____\l___..:..:-———- \\ ad [ )
- Y3 e
. Figure lL et Figure“iB i

Form of the Vibratioen of-
Type H (mtn = 7:9)

Form of the Vibration of
Type G (m:n = 7:7)

x = 5.3530 a; Py = =0, 3211 '-'61516 a, Py = 0. l.22ha
. s
- - \
N
\ P -7 ,
\ { - ) :
em\_,.-,._,\,..g;{;_',.’.-a..__',.__-.'._:_'_' o
[y Wt CES R L
& 1\ ei T A%
|
y Pl
Flguro 12 co i Flgure 14

Form of the Vibration of:
TypcI(mn~—713)
“_8“0687 a, =z -0, 6269 a

Form of the. Vlbratlon of
Type G (m:n = 9:9) " .
Px = 5.3508 a, Pz = -0, 631& a
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These findings, therefore, show that inJ -shaped structures,
as in L-shaped structurcs, thc lateral vibration distance from
the center of rotation has a tendency to inercase as the length
of the sides of the plan flgure decreases, Figures 11 to 14 show
the form of vibration for the dlffercnt typbs of structure.

6. Conclu81ons

In thls th851s we have made a study of solld v1bratlons in
onc—story L- and J -shaped frame structures in which the- frame—
work is distributed cvenly and 1n which the rigidity of the
frames is uniform longltudlnally and latgrally. .In thc easc of -
frame structurés not havlng symmetrlcal lateral and longitudinal
axes, ecven thodgh the mass is evenly distributed over the basc
area, the center of gravity does not coincide with the center of
rigidity; that is to say, there is an cccentricity factor which
causes the vibration along three dimensions. Thus in such struc-
tures there is rarcly a purely lateral vibration or a torsional
vibration.

By way of conclusion we .will summarize the findings of this
study. .

Firstly, as rcgerds the uxpr0351on of 'vibration, there is a N
variation of barcly 1% between lateral and rotational freouoncy—"“
ng = v§7ﬁ (that is, purely lateral vibration) whether in an L-
shaped or in a 7] —shapcd structure.

Next, as regards characteristic functions, the forms of the
plan flgurcs are scen to have fairly marked differences, and com-
paring L- and 1 -shaped structurcs, the latter has a larger degree
of rotation in its lateral vibration than the former, Thus, it
follows that J -shapcd structurcs have a grecater tendency towards
3-dimensional vior:tion than L-shaped structurcs., A comparison -
betweon the distances from thé center of rotation demonstratcs
this point even more clearly.

However, to follow up the relationship betwecn Py, the dis-
tance from thc conter of rotation of lateral vibration and the
degrcc of cccentricity, in the casc of J -shaped structures, there
is no great changc in the distance from thc center of rotation
although the degrec of ecccntr1c1ty Me" is increascd. In the o
case of L—shapcd structures, in the cccentricity under discussion- )
in this treatise, the Px distarnce: from the centér of rotation :
will suddenlj decreasc beeause of the slight increase in the degfee
of OCCCHbflClty, thus three—d1mons1onallty (or the rotational , e
quality in latcral vibratieén) has a tendency to increase, This

‘point must always be taken into con51derat10n.

Taking the L-shaped types A to E and the ] -shaped types F -
to I comparing them one with another. it will bec secnm that it is
not the arca of the floor spacu that determincs the nﬁture Sf the
V1bratlon, but the rutlo setwecn the length of the arms, * That '
is to say, as the ratio bctmcen the length of thc arms decroascs
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